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Abstract
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1 Introduction
Neutral diﬀerential equations appear in modeling of the networks containing lossless
transmission lines, in the study of vibrating masses attached to an elastic bar, as the Euler
equation in some variational problems, in the theory of automatic control and in neuro-
mechanical systems in which inertia plays an important role; see Hale [].
A time scale T is an arbitrary nonempty closed subset of the reals, and the cases when
this time scale is equal to the reals or to the integers represent the theories of diﬀerential
and of diﬀerence equations. Not only does the new theory of the so-called dynamic equa-
tions unify the theories of diﬀerential equations and diﬀerence equations, but also extends
these classical cases to cases ‘in between’, e.g., to the so-called q-diﬀerence equations, when
T = qN := {qt : t ∈N for q > } (which has important applications in quantum theory (see
[])).
In this paper, we restrict our attention to oscillation and asymptotic behavior of the





)γ ](t) + q(t)xγ (δ(t)) = , (.)
where t ∈ [t,∞)T := [t,∞)∩T, z := x + p · x ◦ τ , and we assume that the following con-
ditions are satisﬁed:
(H) γ ≤  is a quotient of odd positive integers;
(H) p ∈ Crd( [t,∞)T , [,∞)) and q ∈ Crd( [t,∞)T , (,∞));
(H) r ∈ Crd(T,R), τ , δ, δ– ∈ Crd(T,T), r(t) > , and limt→∞ τ (t) = limt→∞ δ(t) =∞, where
δ– denotes the inverse function of δ;
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(H) τ ( [t,∞)T) = [τ (t),∞)T, δ–( [t,∞)T) = [δ–(t),∞)T, τ > , and (δ–) > .
We consider only those solutions x of (.) which satisfy sup{|x(t)| : t ∈ [T ,∞)T} >  for
allT ∈ [t,∞)T and assume that (.) possesses such solutions. As usual, a solution of (.)
is called oscillatory if it has arbitrarily large generalized zeros on [t,∞)T; otherwise, it is
termed nonoscillatory.
In the last decade, a considerable number of studies have been made on oscillation and
nonoscillation of solutions to various types of dynamic equations on time scales. We refer
the reader to [–] and the references cited therein. For oscillation of dynamic equations,












See also Braverman and Karpuz []. Agarwal et al. [] and Saker [] investigated the





)γ ](t) + q(t)xγ (t – δ) = ,
where z(t) := x(t) + p(t)x(t – τ ) and  ≤ p(t) < . Regarding oscillation and asymptotic be-
havior of third-order dynamic equations, Erbe et al. [] studied the equation
x (t) + p(t)x(t) = .





))(t) + q(t)x(τ (t)) = .
Agarwal et al. [], Hassan [], and Li et al. [, ] examined equation (.) in the case
where p(t) = . Assuming  ≤ p(t) ≤  or – ≤ p(t) ≤ , Grace et al. [], Saker and Graef
[], Yang [, ], and Zhang et al. [] obtained some oscillation results for (.). The
analogue for (.) in the case T = Z has been studied in the recent paper by Thandapani
and Kavitha [].




Therefore, we use a comparison method to study (.) under the assumption that (.) is
satisﬁed. In the sequel, all inequalities are assumed to hold eventually, that is, for all t large
enough.
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2 Main results





















Before stating the main results, we begin with the following lemma.











)) = (δ–)(τ (t))τ(t),
where y exists for t ∈ Tk .










< , where E :=
{
λ|λ > ,  – λp(t)μ(t) > },





has no eventually positive solutions.
Lemma . (See []) Assume p(t)≥ , τ (t)≤ t and is nondecreasing with
lim
t→∞ τ (t) =∞.









p(s)s >  – ( –
√
 – λ),
then the delay dynamic inequality (.) has no eventually positive solutions.




r/γ (t) =∞. (.)
If x is a positive solution of (.) satisfying limt→∞ x(t) 
= , then z satisﬁes





)γ ) < , (.)
eventually.
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Proof Similar as in the proof of [, Lemma .], one obtains by (.) that either (.)
holds or





)γ ) < .
Since limt→∞ p(t) = ∞ and lim supt→∞ x(t) >  (which implies that lim supt→∞ x(τ (t)) >
 by (H)), it follows from z(t) ≥ p(t)x(τ (t)) that limt→∞ z(t) = ∞. Thus, the latter case
cannot occur. The proof is complete. 




t – σ (s)
r/γ (s) s. (.)
Proof Since r(z)γ is decreasing, we obtain




































t – σ (s)
r/γ (s) s.
Therefore, one has (.). This completes the proof. 
Below, we assume that t ∈ [t,∞)T is large enough.


















has no positive solutions, then every solution of (.) is oscillatory or tends to zero as t → ∞.
Proof Let x be a nonoscillatory solution of (.) and limt→∞ x(t) 
= . Without loss of gen-
erality, we may assume x >  eventually. Then we have (.) due to Lemma .. It follows
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) ≥ Q(t)[xγ (t) + pγ (t)xγ (τ (t))]
≥ Q(t)[x(t) + p(t)x(τ (t))]γ
= Q(t)zγ (t). (.)




–(τ (t)))(z(δ–(τ (t))))γ )
(δ–(τ (t)))
+Q(t)zγ (t)≤ . (.)









))γ + r(δ–(τ (t)))(z(δ–(τ (t))))γ ) + Q(t)H(t)zγ (t)≤ ,



















Thus, using r(z)γ := y in (.), one can see that y is a positive solution of (.). This
contradicts our assumptions and the proof is complete. 
Applying additional conditions on the arguments of (.), one can deduce from Theo-
rem . various criteria for (.).













has no positive solutions, then every solution of (.) is oscillatory or tends to zero as t → ∞.
Proof We assume that x is a positive solution of (.) and limt→∞ x(t) 
= . As in the proof












It follows from τ (t)≤ t that
w(t)≤ y(δ–(τ (t))).
Substituting this into (.), we get that w is a positive solution of (.). This contradiction
completes the proof. 
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then every solution of (.) is oscillatory or tends to zero as t → ∞.
Proof According to Lemma ., condition (.) guarantees that (.) has no positive
solutions. Application of Theorem . completes the proof. 










Q(s)s >  – ( –
√
 – λ), (.)
where Q is deﬁned as in Corollary ., then every solution of (.) is oscillatory or tends to
zero as t → ∞.
Proof By virtue of Lemma ., condition (.) implies that (.) has no positive solu-
tions. Application of Theorem . yields the result. 











has no positive solutions, then every solution of (.) is oscillatory or tends to zero as t → ∞.
Proof We assume that x is a positive solution of (.) and limt→∞ x(t) 
= . As in the proof
of Theorem ., y := r(z)γ >  is decreasing and satisﬁes (.). We denote w by (.). In
view of τ (t)≥ t, we obtain
w(t)≤ y(δ–(t)).
Substitution of this term into (.) implies that w is a positive solution of (.). This con-
tradiction completes the proof. 











where E and Q are deﬁned as in Corollary ., then every solution of (.) is oscillatory or
tends to zero as t → ∞.
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Proof By virtue of Lemma ., condition (.) ensures that (.) has no positive solu-
tions. Application of Theorem . yields the result. 









Q(s)s >  – ( –
√
 – λ), (.)
where Q is deﬁned as in Corollary ., then every solution of (.) is oscillatory or tends to
zero as t → ∞.
Proof By Lemma ., condition (.) guarantees that (.) has no positive solutions.
Application of Theorem . completes the proof. 
Remark . Note that oscillation results can be also obtained for γ ≥ ; in this case, one
simply has to replace Q in [, Lemma ] with a function Q/γ– and proceed as above.
Example . For t ≥ , consider the third-order neutral diﬀerential equation
[
x(t) + tx(t – )
]′′′ + [e– + (t – )e–]x(t – ) = . (.)
It is not diﬃcult to verify that Q(t)/H(t)≥ . Applications of Theorem . and [, Theo-
rem ..] imply that every solution of (.) is oscillatory or satisﬁes limt→∞ x(t) = . As
a matter of fact, one such solution is x(t) = e–t .
Remark . Some other examples may be given easily. For instance, we take τ (t) = t – τ
and δ(t) = t – δ for T = Z, we put τ (t) = t + hk and δ(t) = t – hk for T = hZ := {hk : k ∈ Z},
we set τ (t) = qt and δ(t) = t/q for T = qN , etc.
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